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Abstract. This paper is concerned with the hfespan and the blowup mechanism for smooth solutions to the 2-D 

2 

nonlinear wave equation at2M-^aj(cf(u)a.iu) = 0, where Ci(u) e C°°(M"), Ci(0) / 0, and (c{{Oyf + (c'^{0})'^ 0. 

1=1 

This equation has an interesting physics background as it arises from the pressure-gradient model in compressible 
fluid dynamics and also in nonlinear variational wave equations. Under the initial condition {u{0, x), dtu{0, x)) = 
{£uo{x), eui{x)) with uq{x),ui{x) G C^(M^), and e > is small, we will show that the classical solution u(t,x) 
stops to be smooth at some finite time T^. Moreover, blowup occurs due to the formation of a singularity of the 
first-order derivatives Vt,^i((t, a:), while u(t,x) itself is continuous up to the blowup time T^. 



§1. Introduction and main result 

In this paper, we are concerned with the hfespan Tg of and the blowup mechanism for classical solutions 
to the 2-D nonlinear wave equation 

I dfu-J2d,{cUu)d,u) = 0, ^^^^ 

[ (u(0, x), dtu{0, x)) = {euo{x),eui{x)), 

with smah initial data, where Ci{u) e C°°(M"), Ci(0) 7^ 0, and {c[{0))'^ + (^(O))^ ^ 0. In addition, 
uo{x), ui{x) G C^{M.'^) and e > is sufficiently small. 

In case ci(u) = C2(u) = e"/^, Eq. (1.1) has a background in physics as it arises from the pressure-gradient 

model in compressible Euler systems and is rather analogous to the 2-D variational wave equation dfu — 

2 

c{u)di{c{u)diu) = (for the physics backgrounds of the variational wave equation and its mathematical 

i=l 

treatment, see [2, 10, 15, 24] and the references therein). 

Here is a derivation of the pressure-gradient model with small initial data: As pointed out in [1, 30-31], 
the pressure-gradient system is a simplified version of the compressible Euler equations, which arises from 
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splitting the compressible Euler system (i.e., the inertia terms div(pC/), div(pU (8) U) and the pressure p are 
considered separately). It has the form 



dtp = 0, 

dt{pU) + Vp = Q, 
[ dt{pE)+div{pU) = 0, 



(1.2) 



1 1 P 

where p is density, U = (wi,W2) is velocity, p is pressure, E = - \U\^ H is energy, and 7 is the 

2 7 - 1 P 

adiabatic exponent with 1 < 7 < 3. 

For simplicity, as in [19-20, 25], we assume p = 1 in (1.2). In this case, (1.2) becomes 



dtU + yp = Q, 

dtE + div{pU) = 0. 



(1.3) 



It follows from the transformation p = {'y — 1)P, t 



7-1 



and (1.3) that 



drU + VP = 0, 
drP + PdiYU = 0. 



(1.4) 



Let us consider the following Cauchy problem for (1.4): 



drU + VP = 0, 
drP + PdivU = 0, 

U\t=o = eUoix), P\t=o = 1 + £Po(a;), 



(1.5) 



where e > is small and U(){x) = {u%x),u^{x)) e C^(IR^), Poix) e Cq°{R'^) are supported in the disc 
-6(0, M). One then obtains that P satisfies the nonlinear wave equation 



drP 



AP = 0. 



(1.6) 



Let v{T, x) = In P. Then it follows from (1.6) and the initial data in (1.5) that 
d^v - div(e''Vv) = 0, 

t;(0,x) = ln(l +£Po(x)) = eP^{x)^^ V (-l)""!— -Po"(x), 

dtv{0,x) = —ediyUoix). 



(1.7) 



n=2 



In (1.7), use t and u{t,x) in place of T and v{T,x), respectively. As a nonlinear problem equivalent to 
(1.7), one can then consider 



d'^u - div(e"VM) = 0, {t, x) G [0, 00) 
m(0, x) = euo{x), 
dtu{0, x) = sui(x), 



(1.8) 



where uo{x) = Po{x) and ui{x) = — div Uo{x). In this way we have given a brief derivation on the nonlinear 
wave equation in the form (1.1) from the fundamental equations of compressible fluid dynamics. 
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Without loss of generality, we will assume that Cj(0) = 1 (i = 1, 2) in (1.1). Since third-order terms like 
0{u'^D^u) and 0{u\Du\'^) will not have an essential influence on the blowup behavior of small data solution 
to problem (1.1), Eq. (1.1) is basically equivalent to 

2 

dfu ((1 + Ciu)diu) = 0, {t, x) e [0, oo) x 

i=i '^^■^) 
{u{0,x),dtu{0,x)) = {euoix),eui{x)), 

where Ci = 2c[{0),C2 = 2^(0), and cj + cl ^ 0. 
We introduce polar coordinates (r, 6) in M^, 



xi = r cos 9, 
X2 = r sin 6 



where r = \/x\^ x\^ 9 G [0, 27r], and w = (wi,W2) = (cos ^, sin ^). Later we will need the function 

^o(o-,fc') = 7^372- / ^ as, (1-10) 

where cr G K, and R{s,lu;v) is the Radon transform of the smooth function v{x), i.e., R{s,uj;v) = 
J^^^^v{x) dS. ^PVom Theorem 6.2.2 and (6.2.12) of [14], one has that the function Fo(c7, 6*) ^ unless 
uo{x) = and ui{x) = 0. Moreover, Fo{a, 9) = for a > M and lim Fo{a, 9) = 0. Therefore, 

CT— f — oo 

min[a<,Fo(CT, 9){ci cos^ 9 + C2 sir? 9)] < 

<T,9 

exists as long as {uo{x),ui{x)) ^ 0. 

We will assume throughout this paper that there is a unique point ((T°, 9°) such that 



( d^Faia^, 9^)(ci cos^ 9° + C2 sin^ 9°) = min [d^Fa(a, 9)(ci cos^ 9 + C2 sin^ 9)], 

I o-eR, 96[0,27r] 

t the Hessian matrix g[daFo{a, 9){ci cos^ 9 + C2 sin^ ^)]|(o. g')=((^o go) > 0. 
Let Tg denote the lifespan of the smooth solution to (1.9). Then one has: 



(1.11) 



Theorem 1.1. Let Uo{x), Ui{x) G Cq°(M^) be supported in the disc 5(0, M) and let assumption (1.11) 
hold. Then: 

(1) 

\ime\/T', =To = ^- „ > 0. (1.12) 

e^o ^ ' daFo{aO,90){cicos^9" + C2sm^90) ^ ' 

(2) There exists a point Mg = {Tg,Xe) and a positive constant C independent of e such that 

(i) u{t,x) G C([0,TJ X K2) and ||u|U»([o,t,]xk^) < Ce. 

(ii) u G C2([0, T^] X M2 \ {Me}), and, for t < T^, it satisfies 

l|Vt,,«(i,-)||L=»(R2)<^^, (1.13) 
||5*«(t,-)||L~(E=)> (1.14) 



3 



Remark 1.1. Compared with the "hfespan theorems" of [4-5], Theorem 1.1 states that the solution u{t, x) to 
(1.9) is continuous up to the blowup time t = Tg, while its first-order derivatives Vt_x« develop a singularity 
at t = Tg. In the terminology of [4-5], this corresponds to an "ODE blowup." On the contrary, the blowup 

result of [4-5] on small data solutions to the 2-D nonlinear wave equation dfV—AxV+ ^ 9ijdkV dfjV = 0, 

0<i,j,k<2 

where the nonlinearity depends on the derivatives of v, but not v itself, shows that the solution v(t, x) is 
up to the blowup time T^, while the second-order derivatives V^^v develop a singularity aX t = T^. In 
the terminology of [4-5], this is a "geometric blowup." 

Remark 1.2. One readily obtains a;) G C°°{i[0,Te]xR^)\{Me}) iioinu{t,x) G C'^{{[0,Te]xR^)\{Me}) 
in Theorem 1.1. Since u{t, x) G C°° ([0, Tg) x M^), this in fact follows from the property of finite propagation 
speed which holds for hyperbolic equations. 

2 

Remark 1.3. In particular, for the 2-D pressure-gradient model dfu — ^9j(e"9jw) = with small initial 

i=l 

data {u{Q,x),dtu{0,x)) = {£Uo{x),eui(x)) and {uo{x) , ui{x)) ^ 0, it follows from Theorem 1.1 that the 

lifespan of the smooth solution u(t, x) satisfies lim e \/T^ = „ ^ , — -- under an assumption 

e-s-o mm OcrFa((J,&) 

<jGR, 0G[O,2Tr] 

on the function dcrFQ{a,0) that is analogous to (1-11). We thus have extended the blowup result of [21] 
valid for the rotationally symmetric case to this now more general situation. In addition, returning to the 
original pressure-gradient system (1.5), one obtains that dtP and div U develop a singularity at time t = Tg. 
This corresponds to the formation of a shock emanating from the blowup point as shown in [26] for the 
compressible Euler system. 

Remark 1.4. The nonlinear equation (1.9) can be rewritten as dfu — (1 + u)Au = |Vup when Ci = 02 = 1. 
For the 3-D equation dfu—{l+u)Au = with small initial data (m(0, x), dtu{0, x)) = {euo{x), eui{x)), in [6, 
23] it was shown that smooth solutions exist globally. On the other hand, for the n-dimensional nonlinear 
wave equation (n = 2, 3) with coefficients depending on the derivatives of the solution, d^u — (?{dtu)Au = 

n 

and, more generally, ^ gij{Wu)dfjU = HCVu), where t = xq, x = {xi, ...,x„), gijiyu) = Cij + 0(|Vm|), 

i,j=0 

n 

HCVu) = 0(| Vwp), and the linear part CijdfjU is strictly hyperbolic with respect to time t, it is known 

i.j=0 

that small data smooth solutions exist globally if related null conditions hold (see [8, 14] and others), while 
otherwise small data smooth solutions blow up in finite time (see [4-5, 13, 17, 22] and others). We point 
out that in the case considered here the coefiicients of the nonlinear equation (1.9) depend on both the 
solution u and its derivatives. 

Near the blowup point Mg one can give a more accurate description of the behavior of the solution u{t, x) 
which is similar to statements in the "geometric blowup theorems" of [4-5] . 

Theorem 1.2. Assume that the constants t\, Aq, Ai and 5q satisfy Q < t\ < tq, Aq < < Ai < M 
and that 5q > Q is sufficiently small. Moreover, assume that Aq and A\ are close to cr" . Denote by D the 
domain 

D = {(s, e,T) \ Ao < s < Ai, O'' - 6a < e < e'' + 60, Ti < r < rj, 

where = e\/Tl. Then there exist a subdomain Dq of D containing a point = (s^, dg, r^) and functions 
(p{s, 0, r), v{s, 6, t) G C'^(Do) with the following properties: 
(1) In the domain Dq, (j) satisfies 

( d,(l){s,9,T)>Q, ds(p{s,e,T) = Q^ {s,e,T) = me, 
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(2) It holds 

v{m,)=^0. (1.15) 

Moreover, let the function G{a,0,T) be defined by G($) = v{s,0,t) in the domain ^{Dq), where ^ is a 
map such that ^(s,6,t) = {4>{s,6,t),6,t). Then u(t,x) = G(r — t,9,sVi) solves F,q. (1.9). 

Remark 1.5. Theorem 1.2 provides a more accurate description of the solution near the blowup point 
Me = $(me) than Theorem 1.1. First, one has that G{a, 6, t) e C{^{Do)) because of (p, v e C^(Z)o) and (H) 
of Theorem 1.2. To prove this assertion, we are only required to show that G is continuous at the point = 
{as, 6*5, Te) = (0(me), 6*5, Te). To this end, let (cr„, 6'„, r„) G $(£>o) be such that (cr„, On, Tn) -> {cr^, Og, r^) as 
n — )• oo. It then follows from (H) that there is a unique point (s„, 0„, Tn) G Dq such that cr„ = (/)(s„, On, Tn)- 

By Taylor's formula, one has cr„-o-£ = Ve,T4>ime)-iOn-Oe,Tn-Te) + -dg^4>{me){sn-Se)iTn-Ts) + - (On- 

Oe,Tn-Te)Vl^cf>{rn,){On-ee,Tn-T,)'^ + ^d^<f>{rn,){Sn-Se)^ + o{\Sn-Se\^) + o{\en-0e\ + \T-n-re\). Together 

with dg<l){ms) > 0, this yields s„ — )• as n — )■ oo. Therefore, one obtains G G C($(Z>o)) from G($) = v 



and the continuity of v,(f) in Do- It follows that u(t,x) = -^G(r — t,0,eVi) G C ( 

Vr V 



n 



\ {Me} I and ||w||loc < Ce^ in a neighborhood of . Regarding the other properties 



of u{t,x) near stated in Theorem 1.1, see §4 below for details. 

There are some interesting papers on the Riemann problem for the pressure-gradient system (1.5) and 
(1.6), respectively, with special discontinuous initial data, with either a mathematical treatment or a nu- 
merical simulation (see [1, 19-20, 25, 29-31] and the references therein). There are also many results on the 
blowup of classical solutions and the global existence and uniqueness of weak solutions, respectively, to 1-D 
variational wave equations (see [2, 7, 10-12, 16, 27-28] and the references therein). In the multidimensional 
case of Eq. (1.1), however, except for the rotationally symmetric case, where in [9, 21] blowup results have 
been established, until now there were no results on the finite-time blowup of smooth solutions to (1.1) 
or even on mechanisms of this blowup. In this paper, we shall focus on these two problems, i.e., we will 
establish the precise lifespan Tg in Theorem 1.1 and determine the blowup mechanism in Theorem 1.2. 

Let us comment on the proofs of Theorems 1.1 and 1.2. First we derive the required lower bound on 
the lifespan for solutions to problem (1.9). As in [14, Chapter 6] and [13], by constructing a suitable 
approximate solution u,^{t,x) to (1.9) and then considering the difference of the exact solution u{t,x) and 
Uait.x), applying the Klaincrman-Sobolev inequalit}^, and further establishing a delicate energy estimate, 
we obtain this lower bound on the lifespan Tg. Next we derive the required upper bound on Tg. Motivated 
by the "geometric blowup" method of [4-5], we introduce the blowup system of (1.9) to study simultaneously 
the lifespan and blowup mechanism of smooth solution u. That is, by introducing a singular change of 
coordinates $ in the domain D = {{a, 6, r) ] -Co < a < M, < < 2Tr, < ti < t < t^}, 

(s, 6, t) — > {4>{s, 0, t), 6, t), where (p{s, 0, ti) = s and dsCp = holds at some point, 

where a = r — t, T = e\fi, and Cq > a fixed constant, and setting G($) = v{s, 0, r), we obtain a nonlinear 
system for ((/>, w) from the ansatz u{t,x) = —j=G{r — t,0,e\/t) and the equation in (1.9). This blowup 

system for (1.9) has a unique smooth solution (</>, f) for r < r^, where the couple {<p,v) satisfies properties 
(H) and (1-15) of Theorem 1.2. This enables us to determine the blowup point at time t = for the 
solution u of (1.9) and give a complete asymptotic expansion of as well as a precise description of the 
behavior of u{t,x) close to the blowup point. In order to treat the resulting blowup system, as in [4-5], 
we use the Nash-Moser-Hormander iteration method to overcome the difficulties introduced by the free 
boundary t = and the inherent complexity of the nonlinear blowup system. To this end, the linearized 
system is solved first. Thanks to the energy estimates established in [4-5], we are then able to complete the 
proof of Theorem 1.2. 
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The paper is organized as follows: In §2, as in [9, 21], we construct a suitable approximate solution 
Ua{t, x) to (1.9) and establish related estimates, which allows us to obtain the required lower bound on the 
lifespan T^. In §3, the blowup system for (1.9) is solved, which allows us to prove Theorem 1.2. Then, in 
§4, we conclude the proof of Theorem 1.1 based on Theorem 1.2. 

Notation. Throughout the paper, we will use the following notation: Z denotes one of the Klainerman 
vector fields in x M^, i.e., 

2 

dt, di, To = tdt + '^Xjdj, Hi = Xidt + tdi, i=l,2, R = xid2 - X2di, 

i=i 

d stands for dt or 9j (i = 1, 2), and stands for {di, 82) ■ 

§2. Lower bound on the lifespan 

In this section, we establish the lower bound of for smooth solution to the Cauchy problem (1.9). 
Let T = £^/l + 1 be the slow time variable and assume the solution to (1.9) can be approximated by 

-^V{a,e,T), r>0, 

where a = r — t, (xi, X2) = {rcosd,rsm6) with 6 G [0, 2-it]. 
The function V{a, 6, r) solves the equation 

dl^V + (ci cos2 e + C2 sin^ 0)Vd^V + (ci cos^ 6 + C2 sin^ 0)id^V)^ = 0, 
Via,e,0) = Foia,e), (2.1) 
suppy(-,6',r) C {o- < M}, 

where Fo{a, 9) has been defined in (1.10). 
For problem (2.1), one has: 

Lemma 2.1. Eq. (2.1) admits a C°° solution for < r < tq with the number tq being given in (1.12). 

Proof. Set U{a,e,T) = d„V{a,e,T). Then it follows from (2.1) that 

drU + (ci cos2 9 + C2 sin^ e)VdaU + (ci cos^ 6 + C2 sin^ 9)U^ = 0, 
U{a, 9,0) = dM(^, 9)- 
The characteristic curve a = a{s, 9, r) of (2.2) starting at the point (s, 9, 0) is defined by 

I ^{s,9,T) = icicos^9 + C2sm''9)V{a{s,9,T),9,T), 3) 
[ a{s,9,0) = s. 

Along this characteristic curve, it follows from (2.2) that, for r < tq, 



(2.2) 



d^Fo{s,9) 
1 + (ci cos2 9 + C2 sin^ 6)daFa{s, 9)t 



U{a{s,9,T),9,r)= ^ , 2^,, . ^ (2-4) 



Because of U{a,9,T) = d„V{a{s,9,T),9,T), from (2.3)-(2.4) one then obtains that 



(ci cos^ e + C2 sin^ 9)d^FQ{s, t 
1 + (ci cos2 9 + C2 sin^ 9)daFo{s, 9)t ' 



d^^a{s, 9, t) = ^ J ^^^^....^ ^ ,,y-^y ^ dscris, 9, r), 

ds(T{s,0,0) = 1. 



This gives ds(T{s, 6,t) = 1 + (ci cos^ + C2 sin^ 9)d„Fo{s, 9)t > for < r < tq and then 

ct(s, e, t) = a{M, e,T) + s-M + {ci cos^ 6 + C2 sin^ e)Fo{s, 6)t (2.5) 

and 

V{a{s, e, t), e, t) = + Fois, 6). (2.6) 

Note that <j{M, 6,t) = M such that V{a, 9, r) satisfies the boundary condition V\a=M = 0. This, together 
with (2.5)-(2.6), yields V{(j,9,t) = Fo{s,9) and cr = s + (ci cos^ 6* + 028111^ 9)Fo{s,9)t. By the imphcit 

function theorem, one then has that s = s{cr,9,T) is a smooth function of (J,9,t for t < tq. Therefore, 
V{(7, 9, r) = Fo(s((T, 9, r), 9) is a smooth sohition of (2.1) for < r < Tq as claimed. □ 

^Prom [14, Chapter 6], one has that Fo{a, 9) G C°°(R) is supported in (—00, M] and obeys the estimates 

\d^AFo{cj,9)\<Cki{l + \(j\)-"^-\ fcGNo. (2.7) 

^From (2.7), we now derive a decay estimate of V{a, 9,t) in (2.1) for r < tq and cr — )• —00. 
Lemma 2.2. For any positive constant b < tq, one has that, in the domain 

{{a, 9, t) I -00 < CT < M, < 61 < 27r, < T < 6}, 

and for r > t/'i, the smooth solution V to (2.1) obeys the estimates 

|Z"9ta™F(<7,^,T)| <CtT(l + kl)-'/'-'-'", a,Z,mGNo, (2.8) 
where C^™ are positive constants depending on b and a,l,m. 

\s\ 

Proof. When t < 6, it fohows from (2.5) and the support property of Fo{(7, 9) that — < |cr| < 2|s| for large 
Together with (2.6), this yields 

\Via,9,r)\<C,{l + \a\)-^/^ \d„V{a,9,T)\ < 0,(1 + \a\)-^/\ (2.9) 

By (2.6) and (2.4), one has 

d„s{a, 9, t) = ; 

" ^ ' ' ' 1 +(cicos^ 9 + C2sm^ 9) dsFo{s,9)T 

and 



(1 + (ci cos2 9 + 02 sin^ 9) dsFo{s, 9)t)^ ' 
which yields 

\dlVia,9,r)\<Ci,il + \a\)-'/^. (2.10) 
Further, it follows from (2.1) and (2.10) that 

\d^,,V{a,9,T)\<ail + \a\)-' 

and then 

\drVia,9,T)\<Ci,{l + \a\)-\ (2.11) 
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Based on (2.9)-(2.11), by an inductive argument one arrives at 

|4a^y(c7,e,r)| <C^™(l + |a|)-i/2-'-'", /,mGNo. 

Because of 

To = ada + ^ 5^ — dr, Hi = -a cos 98^ + — dr-^de, 
i?2 = -<Tsin6'Sa + — 4==9r + ^c^e, R = de, 

one analogously obtains 

\Z"dld':V(a,e,T)\<C'^{l + \a\)-^'^-'-'\ Q,/,meNo, 

which completes the proof of Lemma 2.2. □ 

Next, we construct an approximate solution Ua to (1.9) for < r = eVl + 1 < tq. 
Let Wo be the solution of the linear wave equation 

r dfwo - Awo = 0, 

\ wo{0,x) = uo{x), dtWo{0,x) = ui{x). 
It follows from [14, Theorem 6.2.1] that, for any constants I > and < m < 1, 

Z"{wo{t,x)-r-'/^Fo{<y,e))\<C^i{l + t)-^/\l + \a\)'^\ r > It, (2.12) 
d''wo{t,x)\<Ckm{l + t)-^-^''\ r<mt. (2.13) 



Choose a function x{s) such that x(s) = 1 for s < 1 and x(s) = for s > 2. For < r = £\/l + 1 < tq, 
we take the approximate solution Ua to (1.9) to be 

Ua{t, x)=e [x{et)wo{t, x) + r-^/\l - xiet))x{-^ea)V{a, r)) . (2.14) 

By Lemma 2.2 and [14, Theorem 6.2.1], one has that, for a fixed positive constant b < tq, 

\Z"ua{t,x)\<Co.b£il + t)-^^^il + W\)-^^'\ T<b. (2.15) 
Set Ja = dtUa - (1 + CiUa)dfUa - (1 + C2Ua)dlUa - Ci{diUaf - C2{d2Uaf ■ 

Lemma 2.3. One has 

\\Z'^Ja{t,-)\\L-dt<Co.be^/\ 



f 

Jo 



Proof. We divide the proof into three parts. 

(A) <t <-. In this case, xi^t) = 1 and Ua = ewQ. This yields 

Jo = -e^woCidiWo - e^woC29|wo - e^ci(9iWo)^ - e^C2((?2Wo)^ 
It follows from (2.15) and a direct computation that, for < t < ^, 

-1/2 



Z''Ut,-)h.<Ce'il+t)-'^'. (2.16) 
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(B) - <t < -. We now rewrite as 

£ £ 



Then 
where 



: £Wo(t, x) + £(1 - x(£i)) (r-^^\{-3ea)V{a, 9, t) - u;o(t, a;)) . 

Ja = + ^2 + Js + ^4, (2.17) 



Jl = -CiUadfua - C2Uadlua - Ci{diUaf - C2((?2Wa)^, 

J2 = e{df - A) [(1 - x{et))r-'^\{-3ea){V{a,e,T) - Fo{a,e))] , 
Js = eid^ - A) [(1 - x{et))x{-3ea) {r-'^^Foia, 6) - woit, x))] , 
Ji = eid^ - A) [(1 - x(et))(x(-3£C7) - l)woit, x)] . 
We treat each term Jj (1 < i < 4) in (2.17) separately. ^Prom (2.15) one obtains 

||^"Ji(i,-)IU^<Cai,£'(l + i)-'/'- (2.18) 

Since 

J2 = £r-i/2(a, _ dr){dt + dr) [(1 " x{£t))x{-^ea) {V {a, 6 , t) - Fo{a,e))] 
- \ r-'>'^{l - x{et))x{-^ea){V(a, r) - Fo{a, 9)) 
-ET-^'l^dl [(1 - x(£t))x(-3£a)(F(a,e,T) - Fo(a,^))] 

and V{a, 9, r) — -Fo(o', 9) = dTV{a, 9, s)ds, one has 

\\Z-J2it,-)h2<C^te\l + t)-^/^. (2.19) 

2 1 
Note that — — < a < M holds on the support of J3 which implies r > -t. This, together with (2.12), 

yields 

\\Z^J3{t,-)\\L^<C^e^{l+t)-'^'. (2.20) 
Analogously, together with (2.13), one arrives at 

\\Z''Mtr)\\L-^<Co.b6\l+t)-\ (2.21) 

Collecting (2.18)-(2.21) yields 

\\Z^Jait,-)\\L^<C^be\l + t)-'/^, -<t<-. (2.22) 



£ 



2 6^ 

(C) - < t < — — I. A direct computation yields 



- £2r-i + (ci cos^ 6* + C2 sin^ 9)VdlV + (ci cos^ 6* + ca sin^ 9){d„Vy 

+ 0(£2) (1 + t)-3/2(l + |a|)-i/2, (2.23) 



where V{a,e,T) = x{-^£cr)V{a,0,T). It follows from (2.1) that 

eV"^ (d^^V + (ci cos^ e + C2 sin^ e)VdlV + (ci cos^ 61 + 02 sin^ e){daVf 



= 0(e2) (1 + t)-3/2(i + |(7|)-3/2, (2.24) 
2 1 

here we have used the fact that x(— Seer) (l — x(— Seer) is supported in the interval ["g"; ~3~-^' ^^tj^^ituting 
(2.24) into (2.23) yields 

||^"Ja(i,-)IU^ <Ca6£'(l + i)-'/^ (2.25) 
Consequently, combining (2.16), (2.22), and (2.25) yields 

b'^/e^-l 



[ ' \\Z''Ja{t,-)\\L-dt<Cabe^/^, 
Jo 



which completes the proof of Lemma 2.3. □ 



Lemma 2.4. For sufficiently small e and < r = e^/l + 1 < b < tq, Eq. (1.9) admits a C°° solution u 
which satisfies the estimate 

iZ'^diu -ua)\< Cb e^l\l + i)-i/2(i + \t- r|)-i/2. (2.26) 

/or \k.\<2. 

Proof. Set V = u — Ua- Then 

r dlv-{i + c,u)dlv-{i + c2u)dlv = F, 

1 v{Q,x) = dtv{Q,x) = Q, ■ ^ 

where 

F = -Ja + Civdlua + C2vdlua + Ci{divf + C2(52?;)^ + 2ci(5i?;)(ai«a) + 2c2{d2v){d2Ua). (2.28) 

We will use continuous induction to prove (2.26). To this end, we assume that, for some T < -5- — 1, 

\Z''dv\<e{l + t)-^''^{l + \t-r\)-^''^, |«| < 2, i < T, (2.29) 
holds and subsequently we prove that 

\Z''dv\<'-{l + t)-^'^{l + \t-r\r'''\ \k\<2, t<T. (2.30) 
Note that from (2.29) one has 

<C£(l + t)-i/2(l + |t-r|)i/2^ |k|<2, i<T. (2.31) 

Applying Z°' to both hand sides of (2.27) yields, for \a\ < 4, 

- (1 + ciu)df - (1 + C2u)di)Z°'v = G 

= CafiZ^F+[Z",ciudf + C2ud^)]v + ^ C'„fiZ^{ciudfv + C2udiv), (2.32) 

\P\<\a\ \P\<\a\ 
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where the commutator relation — A] = ^ C'^pZ^{d1 — A) was used, and Cap, C^^, C'^^ are 

|/3|<|a| 

suitable constants. 

Next we derive from (2.32) an estimate of \\dZ°'v{t, Define the energy 

E{t) = \y^ I (|9tZ"i;|2 + (l + ci«)(aiZ%)2 + (l + c2«)(52Z«i;)2)rfx. 

Multiplying both sides of (2.32) by dtZ^v {\a\ < 4), integrating by parts in E^, and noting that \du\ = 
\dua + dv\ < Cb£(l + t)~^^^ from the construction of Ua and assumption (2.29), one arrives at 

E'it) < E{t) f \G\. \d,Z'^v\ dx. (2.33) 

Moreover, due to the inductive hypothesis (2.29) and (2.15), one has 

\Z'^u\<Cie{l + t)-'^''^{l + \a\Y''^ <Ci,e, \K\<2,t<T. (2.34) 



We now treat each term in the sum ^ / |G| • 1^*^".^. separately. 



|q|<4' 



(A) Estimation of ^ / |Z''(cim5Ji; + C2w5|v) | • |5tZ%| dx. It follows from (2.34) that, for 

i/3i<i«r"*' 

i = l,2, 

/ \Z^{udjv)\ ■ \dtZ"v\ dx<Cb I 1^'^'"' • l^'^'^i^^l • \(^tZ'''v\ dx 

<Cb f \Z^'v\-\Z^'dfv\-\dtZ°'v\dx 

l/3i 1 + 1/32 i = i/3r*' 

+ Ch V / \Z^'Ua\-\Z^'d^v\-\dtZ"v\dx. 



(2.35) 



l/3i 1 + 1/32 1 = |/3|' 



Due to 

2 



„ X2R + tHi - xiTo -xiR + tH2 - X2T0 

dt = 15 5 , oi = -5 5 , 82 



^2 _ J.2 ' -fp. _ J.2 ' f2 _ J. 

one then has 



Because of < \a\ < 4, (2.29), and the fact that ||(1 +\t- r\~^ f){t,-)\\^^ < \\df{t,-)\\L^ for the function 
fit,x) e C^{R+ X R2) with supp/ C {r < M + t} (this inequality can be found in [22]), the first term in 
the right-hand side of (2.35) can be estimated as 

[ \Zl^'v\-\Z^^dfv\-\dtZ"'v\dx<Cb V / f -\ZP^v\ ■ \Z^'^dv\ ■ {dtZ^vldx 

Jm^ 1/3^1=1/3.1+1 -^"^ 1 + 1* -^1 

<-^E(.). (2.36) 
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Analogously, 



Therefore, one obtains 



/ \ZP^U,\ ■ \zP-dlv\ ■ \dtZ'^v\ dx < -^fi= E(t). 



V \ \Z^{ciudfv + C2udiv)\ ■ \dtZ"v\ dx < E{t). 



(2.37) 



\PK\a\ 



(B) Estimation of / I [Z", ciud^ + C2ud^]v\ ■ \dtZ"v\ dx. For i = 1, 2, 

[ \[Z°',ud1\v\-\dtZ'^v\dx 

< Cb V [ \Z'^^u\ ■ \Z"^dfv\ ■ \dtZ"v\ dx+ [ \u\ ■ df]v\ ■ \dtZ"v\ dx 

JR2 JR2 



|ai| + |a:2| = |a| 
|ai|>l 



V / \Z°'^Ua\-\Z''^dfv\-\dtZ"'v\dx+ V / \u\ ■ \d'^Z^v\ ■ {dtZ^'vldx 



. |Qi| + |a2| = |a| 
\ l"il>l 



y / • \Z"'''dfv\ ■ \dtZ"'v\ dx 



\ai 1 + 1«2 I — I' 
|ai|>l 

By the same argument as in (2.37), one then has 



/ I [Z", ciud^ + C2udi]v\ ■ IdtZ^vl dx < E{t). 



(2.38) 



Next we treat each of the terms / • dx, \P\ < \a\, which are included in / \G\ ■ 

IdtZ^'vl dx. 

(C) Estimation of / \Z^Ja\ ■ \dtZ"v\ dx. In this case, one has 

/ IZ^J^I ■ \dtZ'^v\ dx < WZ^Jah- VE{t). (2.39) 

(D) Estimation of / \Z^ (^civdlua + C2vd2Ua) \ ■ \dtZ°'v\ dx. Due to (2.34) a direct computation yields, 
for i = l,2, 

I \ZP{vdfua)\-\dtZ"v\dx<Cb [ \Z^'v\-\Z^'9fua\-\dtZ'^v\dx 

<Cb Y] I T^^ r\Z^^v\-\Z^^dUa\-\dtZ-v\dx 



|ft| + |/32| = |/3| 
1(3^1 = 1^1 + 1 



(2.40) 



VT+t 
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(E) Estimation of / iZl^ {ci{d-i_vf + C2id2vf) \ ■ \dtZ°'v\ dx. Similar to (D), one has 

[ \Zf'{ciidivf+C2{d2vf)\ ■ \dtZ"v\dx <-^L=E{t). (2.41) 
Jm?- V 1 + * 

(F) Estimation of / \Z^ {ci{div){diUa)+C2{d2v){d2Ua))\-\dtZ°'v\dx. It follows by direct computation 
that, for i = 1,2, 

I \zP{{div){diUa))\-\dtZ'^v\dx<Cb I \Z^'dv\-\Z^^dua\-\dtZ"v\dx 

<_£^E(t). (2.42) 



E'it)<-^E{t)+ J2 \\zPJa{t,-)\\L^Vm- 
vl + r 



Substituting (2.37)-(2.42) into (2.33) yields 

l/3|<4 

Thus, by Lemma 2.3 and Gronwall's inequality, one obtains 

\\dZ''vit,-)\\L2<Cbe^/\ \a\<4, 

and further 

\\Z''dv{t,-)\\L2<Cbe^/^ \a\<4. (2.43) 
By (2.43) and the Klainerman-Sobolev inequality (see [14,18]), one has 

\Z^dv\<Cbe'^/^il + t)-^/^il + \t-r\)-^/\ \k\<2, t<T, (2.44) 
which means that, for small £, 

[Z'^dvl < I (1 + t)-'/'(l + \t- r|)-i/2, |k| < 2, t<T. 
This completes the proofs of (2.29) and (2.26). □ 

Proof of the lower bound on T^. Lemma 2.4 implies that lim£vT+"T^ > tq holds for the lifespan of 

e-yO 

smooth solutions to (1.9). Hence, 

lim £\/T^ > To. (2.45) 

e->0 

which finishes the first part of the proof of Theorem 1.1. □ 

§3. Proof of Theorem 1.2 
We will use polar coordinates (r, 9, t) instead of (x, t) to study the problem (1.9) and set 

a = r — t, T = e Vi. 
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Set u{t,x) = G{a,0,T) for r > 0. In this case, it follows from a direct computation that Eq. (1.9) 
takes the form 



£2 



P(G) = - €tG - — (ci cos^ e + C2 sin^ 6») GS^G - — (ci cos^ 61 + 02 sin^ 6») (a<,G)2 
- 1^ ((2ci - C2) cos^ ^ + (2C2 - ci) sin^ ^) G^ - ^^G + ^ d^G 



^ (ci sin^ 61 + C2 cos^ 6») {deGf + ^ sin6lcos6l(ci - C2){deG){daG) 

A 1 2 

^9 ^ - ^^^72^ - - ^2) sm ^ cos OGdeG - ^ (ci sin2 e + C2 cos^ 6) G9|G 

-2 



e 

+ ^ (2ci + 2c2 - 3ci sin^ d - 3c2 cos^ 6*) Gd^G + — sin 6* cos 6'(ci - ci)Gdl^G = 0. 

(3.1) 

We introduce an unknown transformation $ by 

^s,e,T) = ia,e,T), (3.2) 

where cr = (j){s, 9, r), and set 

G(#)=u. (3.3) 

Therefore, as daG = dsv/ds4>, if we can find smooth functions (p and v satisfying condition (H) and (1.15) of 
Theorem 1.2, then we will be able to show that the solution u to (1.9) blows up. Under the transformation 
(3.2) and (3.3), (3.1) takes still another form which is explicitly given in the following lemma: 

Lemma 3.1. Let R = 1 -\ 5-. Then one has 

where 

/q = — (ci cos^ + C2 sin^ 6)v — ^ (ci sin^ 6 + C2 cos^ 6)v{de<j))^ — -^^{ci — C2) sin0cos6vdg(f) 

h = -ds{dsvIo), 

12 = ZidgV + e^dsvNcf) + s'^dsvhi{e, 6, r, v, dev, (j), de(j), dr(j)), 

13 = -s^Nv + s^h2is,9,T,v,dev,drV,4>), 

hi,h2 are smooth functions the explicit expression of which is not required, and the first-order differential 
operator Zi and the second- order differential operator N, respectively, are of the form 

= i?i/2(i + ^dr<P)dr - Sin' ^ + C2 cos^ e)vde^ + sin^cos^(ci - C2)v + -^q^Y" 



d1/2 1 / _2 \ 

= N^dl + N2dl 
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where 



5i = ii^/2(l + —dr({)), S2 = {^^^'^^ ^^^'^ ^ ^2 cos^ 6)vde<f) + sin6cos9{ci - C2)v + 

2 , 



V 



It follows from Lemma 3.1 that, in order to solve the nonlinear equation P{G) = 0, it suffices to solve 
the system 

( = (3.5) 

which is also called the blowup system for (1.9) in the terminology of [4-5] (where nonlinear wave equations 
such as — Aa;t; + ^ g^^^.Qfet;^?^^ = are dealt with). 

0<iJ,fe<2 

The related process is divided into the six parts. 

dl 

(A) Local existence of a solution to (3.5). ^From the explicit expression of /q, one has that . . = 

g2jjl/2 

B}^'^ H drip > for e > small and (p a smooth function. By the implicit function theorem, one 

2t 

then obtains from the equation Iq = that 

dr4> = E{e,e,T,v,ct>,de4>), (3.6) 

where i? is a smooth function of its arguments. 

By §2, for Cq > large enough and 77 > sufficiently small, one also has that the equation P{G) = 
can be solved for G in a strip 

Ds = {{a,e,T)\ae [-Co, M], de[e'>- <5o, + <5o], r G [n, n + ry]} 

with initial data — u{t, x) given at time t = (ri/e)^ (since (1.9) has a unique smooth solution there). Here, 

Ti > is a fixed constant satisfying ti < tq, and (5o > and < 77 < ro — n are sufficiently small. 

For ry > sufficiently small, Eq. (3.5) then has a unique solution </> with initial data (j>{s, 9, ti) = s (note 
that the smooth solution u{t, x) of (1.9) exists for t < ((ri + ri)/e)^. as G{cr, 6, r) exists for t < Ti + rj). 

Setting V = G((p,9,T) in the strip Ds, one hence gets a local solution to the blowup system (3.5). 
Moreover, from the uniqueness result on the solution u{t, x) to (1.9) for t G [O, ((ri + r])/e)'^] , one has that 
V and (f) — s are smooth and flat on {s = M}. 

(B) Choice of the domain and the scalar equation for cj). As in [4-5], in order to obtain a weighted 
energy estimate on the linearized system of (3.5) on a suitable domain D, we choose a "nearly horizontal" 
surface E through {t = ti, s = M} as part of the boundary of D, where E is the characteristic surface of 
the operator Zidg — e^ds4>N the coefficients of which arc computed using (tJ, (j)). Let r = %l){s,6) + ti be 
the equation of E, where ip{M, 9) = 0. Then, in view of part (A) and for small £ > 0, V"gV = ^(e^) and 
dsi^ < holds in Ds for a G Ng. 

We choose a cutoff function x £ C°°(]R) with x{p) = 1 for p < 5, and x{p) = for p > 1 and make the 
change of variables 

X = s, Y = 9, T = T-n-^{s,9)x(^^^y (3.7) 

The surface E then becomes {T = 0}. We will work in the domain Di = {{X,Y,T) | -Cq < X < M, 
9*^ — 9o < Y < 9^^ + 9o, < T < Te — t} . Note that Di is actually unknown at the moment, as we do not 
know the precise value of Te yet. 
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Next we derive from (3.5) a scalar equation for (p in the new coordinate system (3.7). Since dylo ^ for 
small £ > 0, it follows from /q = that v can be expressed as 

v = F{e,e,T,4,,dg4>,dr<p), (3.8) 

where F is a smooth function of its arguments. Substituting (3.8) into the second and third equation of 
(3.5) and going through the direct computations yields 

L{(l)) = Z[SF - e^{S(f>)NF + e'^{SF)N<t> + e'^{SF)hi + e^{S(l>)h2 = 0, (3.9) 

where 

Zi=6idT + s%dY , N = Nid^ + 2s^N2d^j. + iVsSf- , 
hi = hi- Nii,x"dT^lrf - N^dli^xdr^.. 
h2 = h2 + Nii)x"dTF/ri^ + N2d'^^tpxdTF, 
S = ds = dx - dstpxdr, 

where 

= SidrT + e^S2dgT, 62=62, 
Ni = Ni(drTf + N2{deTf, N2 = s-^N2deT, N3 = N2. 

In order to solve the blowup system (3.5), one hence only needs to solve (3.9) because of (3.8). As in 
[4-5], we will use the Nash-Moser-Hormander iteration method to solve Eq. (3.9) under the restriction (H) 
of Theorem 1.2. 

(C) The construction of an approximate solution to (3.9) and the condition (H). As a first step 
to use the Nash-Moser-Hormander iteration method, one needs to construct an approximate solution to 
(3.9) such that (pa satisfies (H) of Theorem 1.2 near some point m^. 
For £ = 0, the blowup system (3.5) becomes 

{ciC0S^Y + C2Sm'^Y)v = dT(f>, drv = (3.10) 

with the initial value conditions 

<A(X,r,0) = X, v{X,Y,0) = Fo{a{X,Y,n),Y) (3.11) 

and the boundary condition 

v\x=M = 0, (3.12) 

where the function (t(X, Y, ti) in (3.11) is determined hy X = a + Fo(a, Y)ti{ci cos^ Y + C2 sin^ Y). 
^From (3.10)-(3.12), one finds a solution to (3.9) for £ = 0, namely 

^o(X, Y,T)=X + T{ci cos^ Y + C2 sin^ Y)Fo{(j{X, Y, n), Y). (3.13) 

Note that (3.9) admits a local solution (p for < T < rj the existence of which has been proven in 
part (A). Upon glueing (p and (pQ one obtains an approximate solution to (3.9), namely 

MX,Y,T) = x(^^^^{X,Y,T)+(l-x(^^'j^MX,Y,T). (3.14) 

By a direct verification, one has L{(pa) = fa, where fa is smooth, flat on {X = M}, and zero near 
{T = 0}. 

In addition, under the assumption (1.11), one can show that (pa satisfies (H) at the point (cr°, 0^, tq — ri) 
with a'^=a° + (ci sin^ 9° + ca cos^ e°)Foia°, 9°)tv 
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Lemma 3.2. The approximate solution (pa constructed in (3.14) satisfies (H) near the point {a^, 9^, tq—ti). 
Proof. Note that 

^o{X, Y,T) = X + r(ci cos' Y + C2 sin' Y)Fo{a{X, Y, n), Y), 

where cr{X, Y, n) is determined from the expression X = a + Fo{a, Y)ti{ci cos' Y + C2 sin' Y) (this follows 
as in the proof of Lemma 2.1). 

Set W{X, Y) = Fo{a{X, Y, n), r)(ci cos' 9 + C2 sin' 6*). First, we assert that 

dxW{a°,9°) = miiidxWiX,Y). (3.15) 

Indeed, it follows from (1.11) and a direct computation that 

Vx,YdxWia°,9°) = 0, 

V\dxW(a\ 9^) - + ^' 



(1 + ri(ci cos2 ^0 + C2 sin^ 9^)daFo{a^ ,9^)Y 

V2 f) WtP^O ^0X_ -ri^9((ciCOs'g + C2Sin'6>)Fo)(g",gO) ^3^,_o ow, ^^«2^0, , «^r,2fl0^ 

VxyCxW(o- ,6/ ) - — — — ■ 2no^a z7 / flo^^4 ^'^'^"^^ )(ciCOS 6/ +C2sm 9 } 

(1 + ri(ci cos"^ 6^" + C2 sm 9'^)OaFo[a'^ , 9'^)p 

de {dlFoici cos' 9 + C2 sin' ^)) ((7°, ^O) 



~^ (1 + ri(ci cos2 9° + C2 sin' 6io)a<,Fo(c70, 9°))^ ' 
and 



ri'(ge((ci cos' 9 + C2 sin' g)Fo)((7°, g°))' 
(1 + Ti(ci cos2 6»o + C2 sin' 6»o)S<,Fo(ctO, 6>o))4 ' 



nOxWia', 9') = '''"r' ' ^ 2 J :Z/ l ^o^' ^° + C2 sin' e°)a3Fo(^°, ^°) 



2na,((c, cos' 9 + C2 sin' 9)F,)ia\ 9^) ^^^^^^ ^ ^ ^^^.^^^^^^^ 



(1 + Ti(ci cos2 6*0 + C2 sin' 6'0)5,i^o(fTO, ^o))3 

dlijci cos' g + C2 sin' 6')9<,fo)(g", 61") 
(1 + Ti(ci cos2 610 + C2 sin' 6'0)5„7^o(ctO, 6I0))2 ' 

This, together with g[(?o--Fb(CT, 0)(ci cos' ^ + C2 sin' ^)]|(o._^i)=((r0^eo) > 0, yields by a direct, but tedious 
computation 

V\YdxW{a°,9°)>{). (3.16) 

Thus, the assertion (3.15) has been shown. Moreover, by the uniqueness of the minimum point of the 
function d aFQ{a, 9) {cicos^ 9 + C2sin'0), one has that (a^,9^,Ti) is also the unique minimum point of 
dxW{X, Y). 

We now establish that 4>a satisfies (H) near the point (ct", tq — n). 
(i) By dx(f>{X, y, 0) = 1 and the smallness of > 0, one can assume that, for T <r], 

dx'^iX,Y,T)>0. 

In addition, 

dxMX, Y,T) = 1+ TdxW{X, Y). (3.17) 
If dxWiX,Y) > at some point (X, Y,ri), then dxMXiY,T) > 1. If dxWiX,Y) < at some 

point {X, Y,Ti), then due to the fact T < Tq = - min , — — — r^— t- = 

Ox [Fo[a{X, Y, n) j (ci cos^ Y + C2 sm Y) 

To — Ti one has from (3.17) that 

dxMX, y, T) > 1 + dxWiX, Y)To > 0. 
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Consequently, dxM^^Y^T) > holds. 

On the other hand, dxM^, Y,T) = holds if and only if T > ?7 and dxfoi^^ Y,T) = which 
gives 

dxMX,Y,T) = ^ (X,y,T) = (a",^o,ro-ri). 

(ii) It follows from the expression for (pa and the smallness of 77 > that in the neighborhood of 

(aO,0O,ro-ri) 

ct>aiX,Y,T) = X + TWiX,Y) (3.18) 

which gives d^j,(j)aia°,e°, To -Ti) < 0. In addition, inview of Vx,YdxW {X,Y){a°, 6°) = 0, (3.16), 
and (3.18), one readily obtains 

Vx,YdxM^°, 0°, To - ri) = 0, V%YdxM^°, 0°, tq - n) > 0. 

Collecting all the assertions above concludes the proof of Lemma 3.2. □ 

(D) Goursat problem for the nonlinear equation (3.9) on a fixed domain. In order to adjust the 
height of the domain Di as in [4] we perform a change of variables depending on a parameter A close to 
zero, 

X = x, Y = y, r = T(p,A) = (ro-Ti)(p+Ap(l-xi(p))), (3.19) 
where xi is 1 near and near 1. ^Prom now on we will be working on a fixed subdomain of Di, 

D2 = {{x,y,p) \-Co<x<M,e'^-do<y<e'^ + So,0<p<l} 

and write Eq. (3.9) as 

L{X,(j)) = 0. (3.20) 
For A = Ao = 0, the approximate solution to (3.20) is 

Mx, y, p) = (paix, y, T{p, 0)) = (pa{x, y, {to - Ti)p), 

where L(Ao, (f)o) = fo{x, y, p) = fa{x, y, (tq — Ti)p). Moreover, ^0 satisfies (H) in D2 at some point (xo, yo, 1) 
by part (C). 

On the characteristic surfaces {x = M} and {p = 0} of Eq. (3.20), we impose the natural boundary 
conditions 

(/) is flat on {x = M} and (f) — (f)o is flat on {p = 0}, respectively. (3-21) 

(E) Linearizing (3.20) under the condition (H). In order to solve (3.20) together with (3.21) in the 
domain D2 under the condition (H), we are required to linearize (3.20) suitably. 

Denote the linearized operator of L by 

L'(A, <^)(A, ^) = dxHX, 4>)X + d^L{X, <i>)^ = f. (3.22) 
In addition, if L(A, (p) = /, then taking the derivative with respect to the variable A yields 

dxHx, 4>) + d^Lix, <p) (^P-/-^) = 5p/^- (3-23) 

Therefore, if one wants to solve I/(A, <j)) = f for a small right-hand side /, then it follows from the stan- 
dard Nash-Moser-Hormander iteration method that we are only required to solve the linearized equa- 
tion L'{X,(f)){X,^) = / and provide the needed tame estimate (see [3]). From (3.22)-(3.23), one has 
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4> - ^9p(j)-^ \ + ^(^pf-^pf^- Setting $ = (/)- Xdp<f>-^, it suffices to solve 

the equation 

7 ^ '^^ (3.24) 
$ is flat on both {x = M} and {p = 0} 

for a right-hand side / which is also flat on both {x = M} and {p = 0}, since the second-order error term 
(here \dpf ) does not play an essential role in the Nash-Moser-Hormander iteration (see [3]). 

Opl 

It follows from a direct, but tedious computation concerning d^Li{\, <p) that from (3.24) one obtains 

P$ = ZSZ^ - e^iS4>)QZ^ + e%^) = f, 
$ is flat on both {x = M} and {p = 0} 



as the linearized problem of (3.20), where 



Z = dp + e^zody, S = d^+e'^8odp, Q = QiZ^ + 2e^Q2Zdy + Qsdf 



v 



here zo,so, and Qi are smooth. More specifically, 

Zo = zo{x,p,X,(f>,dy<f>,dp<p), So = so{x,y,p,X), 
1 d T 

^^ = 4(n + r)apT + ^^"')' ^^ = -(7rW 



and I is a second-order operator which is a linear combination of id, S, Z,dy, SZ, Z'^, Zdy,dy and whose 
coefficients depend on the derivatives of (j) up to third order. 

(F) The tame estimate and solvability of (3.24). Comparing the operator P in (3.25) with the 

operator d^C{\. (f) in Proposition IV. 1 of [4], one sees that P is just of the form of d^C{\, 4>) with 5 = 
and bo = 0. By carefully checking the proofs of Proposition IV. 2. 2, Proposition IV. 3.1, and Proposition IV. 4 
of [4], one then has under the condition (H) on the function (j) near some point (xq, y, 1): 

Lemma 3.3. There exists a subdomain Do of which is a domain of influence domain for the first- 
order differential operator Z\ in (3.9), that contains the point {xo,y, 1), and that is bounded by the planes 
{x = —Co}; {x = M}, {p = 0}, {p = 1} with the followoing property: If \<l> — (I'olc^Da) ^ £o with Eq a 
small positive constant and if f £ C°°{D^) is flat on both {x = M} and {p = 0}, then (3.25) has a unique 
smooth solution in D3. Moreover, one has the energy estimate {i.e., tame estimate) 

\Ms < Cs (|/U+„o + l/Uo(l + \<t>\s+no)) , (3.26) 

for any s G N, where 1 • Is = || • ||i?''(D3) and no G N is some fixed integer. 

Based on Lemma 3.3 and the standard Nash-Moser-Hormander iteration method (see [3, 4-5]), and 
using dxv{a'^ ,0^) 7^ in (3.11) and the Sobolev imbedding theorem, we have now completed the proof of 
Theorem 1.2. 



§4. Proof of Theorem 1.1 
Using Theorem 1.2, we now conclude the proof of Theorem 1.1. 

Recall that so far we have obtained the solution (f> to Eq. (3.20), (3.21) in the domain Dq. By 
(3.8), we immediately obtain v in Do- Indeed, we have solved the modified blowup system (3.5) in Dq. 
Therefore, the solution to (1.9) is obtained in the domain $(£>o) in the coordinate system {s,9,t), hence 
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||'"||c(4>(i5o)) ^ Cs'^. Now we go back to the original coordinate system {r,6,t) so that the conclusions of 
Theorem 1.1 can be obtained. 

For (s, 6, t) G -Do close to the point rrig given in Theorem 1.2, by Taylor's formula and condition (H) in 
Theorem 1.2, there exists a point (s, 6, f) = (As + (1 - X)se, A6I + (1 - A)^^, Ar + (1 - X)ts) with < A < 1 
such that 



dscPis,0,T) = dl<P{me){T-T,) 

+ ^{s-Se,0-ee,r- Te)Vle,rds((>{s, 9, f){s -Se,e- Oe, T - T,f . (4.1) 

In addition, we may assume — 2co < d^^cf) ^ ~co in Dq since 9g^^(me) < and (f) G C^{Dq), here cq > is 
a constant. Together with gds4>{me) > 0, for (s, 6, r) G Dq, this yields 

ds<P{s, e, t) > coir, -t) = cos ^"^^ > ^ • (4.2) 

Furthermore, if |(s — Sg, 9 — 6s)\ < Tg — t, then 

\dscf>{s, e, t)\ < 3co(r, - r) < cqe (4.3) 

; From the expression for u = —p= v, one has 

ecosO e ( dgV \ sine 



d^v „ A cos^ 



Substituting (4.2)-(4.3) into the these formulas yields 

1 C 
^ ^j,^ _ < Wdtuh'-'i^iDo) and ||Vt,xw(i,-)l|z,~(*(Do)) < jT^T^- (^-^^ 

Owing to assumption (1.11), outside $(-Do) and for t < T^, the smooth solution of (2.1) does not 
blow up in ({t < Te} x M.^) \ $(-Do)- Therefore, similar to the proof of Lemma 2.4, one obtains in 
{{t < TJ X M3) \ that 

\du\ < Ce (1 + t)-i/2 and |w| < Ce. 

Finally, by Theorem 1.2 and the related Nash-Moser-Hormander iteration process, one concludes that 
lim = To for the solution u{t,x) when the variables (r — t,d,s\/t) lie in ^(Dq). This implies that the 

lifespan satisfies 

h^eVTe < To. (4.5) 

Together with (2.45), this yields 

lim eVTs = To, 

£->-0 

which completes the proof of Theorem 1.1. 
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